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Abstract: Let Y be a Banach space over a field ¥. A G-flow is a graph 
G embedded in a topological space Y associated with an injective mappings 
L:u” > L(u”) € ¥ such that L(u”) = —L(v") for V(u,v) € X (2) holding 


with conservation laws 


Ss" L(v") =0 for vwev(G), 


ueNa(v) 


where u” denotes the semi-arc of (u,v) € X (2), which is an abstract model, 
also a mathematical object for things embedded in a topological space, or 
matters happened in the world. The main purpose of this paper is to ex- 
tend Banach spaces on topological graphs with operator actions and show 
all of these extensions are also Banach space with unique correspondence in 
elements on linear continuous functionals, which enables one to solve linear 
functional equations in such extended space, particularly, solve algebraic, dif- 
ferential or integral equations on a topological graph, i.e., find multi-space 
solutions for equations, for instance, the Einstein’s gravitational equations. A 
generalization of some well-known results in classical mathematics, such as 
those of the fundamental theorem in algebra, Hilbert and Schmidt’s result on 
integral equations and the discussion on stability of such G-flow solutions with 
applications to controlling of ecologically industrial systems can be also found 
in this paper. All of these results in this paper establish the mathematical 


foundation for multi-spaces, i.e., mathematical combinatorics. 
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§1. Introduction 


Let VY be a Banach space over a field ¥. All graphs G, denoted by (V(G), XG) 
considered in this paper are strong-connected without loops. A topological graph el 
is an embedding of an oriented graph Gina topological space @. All elements in 
V(G) or X (e) are respectively called vertices or arcs of G. 

An arc e = (u,v) € KG) can be divided into 2 semi-arcs, i.e., initial semi-arc 


u” and end semi-arc vu", such as those shown in Fig.1 following. 


Fig.1 
All these semi-arcs of a topological graph G are denoted by X 1 (2). 
A vector labeling G on G isal—1 mapping L : G = Y such that L: u® > 
L(u’) € ¥ for Vu’ € Xi (Z), such as those shown in Fig.1. For all labelings rou 
= 2 
on G, define 


sli => L2 > 114+L2 SAL 


Ge =6 and \G’ =G 
Then, all these vector labelings on es naturally form a vector space. Particularly, 
a G-flow on G is such a labeling LD: u®? > V for Vu? € X1 (¢) hold with 
L(u’) =—L(v") and conservation laws 


S> L(v") =0 


ue Ng (v) 


for Vu € VIG); where O is the zero-vector in ¥. For example, a conservation law 
for vertex v in Fig.2 is —L(u™) — L(v™) — L(v™) + L(v™*) + Liv) + Divs) = 0. 


Clearly, if VY = Zand @ = {1}, then the G-flow @” is nothing else but the network 
flow NG) + Zon G. 

Let Gr GH Co be G-flows on a topological graph G and €€¥ a scalar. 
It is clear that (Ci + GC and € - Gr are also G-flows, which implies that all 
conservation G-flows on G also form a linear space over FY with unit Ga: under 
operations + and -, denoted by rea where GC is such a G-flow with vector 0 on 
u” for (u,v) € X (2), denoted by O if G is clear by the paragraph.. 

The flow representation for graphs are first discussed in [5], and then applied to 
differential operators in [6], which has shown its important role both in mathematics 
and applied sciences. It should be noted that a conservation law naturally deter- 
mines an autonomous systems in the world. We can also find G-flows by solving 


conservation equations 


S- L(v") =0, vev(@). 


ue Ng (v) 


Such a system of equations is non-solvable in general, only with G-flow solutions 
such as those discussions in references |10]-[19]. Thus we can also introduce G-flows 
by Smarandache multi-system ([21]-[22]). In fact, for any integer m > 1 let (E; R) 
be a Smarandache multi-system consisting of m mathematical systems (41; 71), 
(Xo; Re), +++, (mj Rm), different two by two. A topological structure G” IE; R| on 


(E; R) is inherited by 
V G |=; R] ) =e LS os eres 
E G |=; R] ) = {(5;,E,) |Z: N¥, 40, 1 <i 47 < m} with labeling 


for integers 1 <i #7 < m, ie., a topological vertex-edge labeled graph. Clearly, 
Ge bad is a G-flow if bi ()X; =v € ¥ for integers 1 < i,j <m. 

The main purpose of this paper is to establish the theoretical foundation, i.e., 
extending Banach spaces, particularly, extended Hilbert spaces on topological graphs 
with operator actions and show all of these extensions are also Banach space with 
unique correspondence in elements on linear continuous functionals, which enables 
one to solve linear functional equations in such extended space, particularly, solve 


algebraic or differential equations on a topological graph, i.e., find multi-space solu- 


tions for equations, such as those of algebraic equations, the Einstein gravitational 
equations and integral equations with applications to controlling of ecologically in- 
dustrial systems. All of these discussions provide new viewpoint for mathematical 
elements, i.e., mathematical combinatorics. 

For terminologies and notations not mentioned in this section, we follow ref- 
erences [1] for functional analysis, [3] and [7] for topological graphs, [4] for linear 
spaces, [8]-[9], [21]-[22] for Smarandache multi-systems, [3], [20] and [23] for differ- 


ential equations. 


§2. G-Flow Spaces 


2.1 Existence 


Definition 2.1 Let V be a Banach space. A family V of vectors v © V is conser- 


Siv=0, 


vative if 


veV 
called a conservative family. 
Let VY be a Banach space over a field ¥ with a basis {@, Q,---,@aimy}. Then, 
for v € V there are scalars x], 23,---,Yiiny € F such that 
dim¥ 


i=1 
Consequently, 


dimV dim¥ 


veV i=l i=1 veEeV 


Soar =0 


veV 


implies that 


for integers 1 <i < dimY. 
Conversely, if 


S ay =0, 1<i<dimy, 
veV 


define 


dimy¥ 


v= ) Li; Ol; 
i=1 
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and V = {v’, 1<i<dim7}. Clearly, }> v = 0,i-e., V is a family of conservation 
veV 
vectors. Whence, if denoted by xY = (v,a@;) for Vv € V, we therefore get a condition 


on families of conservation in V following. 


Theorem 2.2 Let V be a Banach space with a basis {@1,@2,--+,@aimy}. Then, a 


vector family V C V is conservation if and only if 
S- (v, ai) =0 


for integers 1<i<dimY. 


For example, let V = {v1, V2, v3, va}. C R? with 


V= (i, 1, 1), Va (=1, if 1), 
v3 =(1,-1,-1), wa=(-1,-1,-1) 


Then it is a conservation family of vectors in R®. 


Clearly, a conservation flow consists of conservation families. The following 


result establishes its inverse. 


L 
Theorem 2.3 A G-flow G’ exists on G if and only if there are conservation 


families L(v) in a Banach space V associated an index set V with 
L(v) = {L(v") € V for some ue V} 


such that L(v“) = —L(u”) and 


Proof Notice that 


S$) Lv) =0 


ueNa(v) 


for Vu EV (2) implies 


L(v") = - FAG?) 
weNa(v)\{u} 


Whence, if there is an index set V associated conservation families L(v) with 
L(v) = {L(v") € ¥ for some u € V} 
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for Vu € V such that L(v") = —L(u”) and L(v) ()(—L(u)) = L(v") or @, define a 
topological graph ei by 


V (¢) =V and X (2) = Ute, |Z") € L(v)} 
veV 


re 
with an orientation v — wu on its each arcs. Then, it is clear that G’ isa G-flow 
by definition. 


Conversely, if em isa G-flow, let 
L(v) = {L(v") € ¥ for V(v,u) € X (Z)} 
of . . oat . 
for Vv € V (2). Then, it is also clear that Liv), v € V (c) are conservation 


families associated with an index set V = V (¢) such that L(v,u) = —L(u,v) and 


L(v") if (v,u)ex(G 


LOE e= 0 ifuw¢x(4 


by definition. 


Theorems 2.2 and 2.3 enables one to get the following result. 


Corollary 2.4 There are always existing G-flows on a topological graph G with 
weights Av forv € V, particularly, \e@; onVe © X (2) if|X (c)| = lv (2) +1. 


Proof Let e = (u,v) € X (G). By Theorems 2.2 and 2.3, for an integer 


1<i<dimY, sucha G-flow exists if and only if the system of linear equations 


> AGia) =0, veV (c) 


uev(G) 


is solvable. However, if 


xX (¢)| > lv (Z)| + 1, such a system is indeed solvable 


by theory of linear equations. 


2.2 G-Flow Spaces 


Define 


for VG" € ee where ||L(u")|| is the norm of F(u”’) in ¥. Then 


(1) a"| > 0 and |e" | = 0 if and only if GHC 20: 
afe|=<|e" 
(3) |e ex 


for any scalar €. 


< ja” 


+ |e" | because of 


ii is 
Jerse = SS dee) + Law| 
—= 
oe 
a G ra 
< 2 w+ |Z2(u")|| = ||| + |e 
— 
(uv)ex( G) wool 
. . av 
Whence, || - || is a norm on linear space G . 


Furthermore, if Y is an inner space with inner product (-,-), define 
ie a") = So (Li(u®), Llu’). 


Then we know that 


(4) (Gs a") = (L(u”), L(u’)) > 0 and (a, Ga") = 0 if and only 


Ee X(G) 
°) = cae a ) for va" Co E G because of 


>> (En(u"), Li(u*)) 


I| 
ita 
Dae 
e 
i 
> 
I| 
a ¢ 
Al} = 
oS 
Ar 
& 
“XN 


SL Sl, Sle 


(6) For @',G", Gc G”, there is 


because of 
(ae an iene. 7 (Gee Ge) 
= > D(a") + Lalu"), L(w")) 


> 


(u,v)EX(G ) 
= So ALi(u),L(u))+ S25 uLe(u’), £(u*)) 
(unyex(G) (uv)ex(G) 


= (eo, a") as (en, avy 
SL, 3=L sale ZL 


z MG Go) +n(G G ys 


v 
Thus, Gis an inner space also and as the usual, let 


[e-y¥e@) 


re V 
for G € G . Then it is a normed space. Furthermore, we know the following 


result. 


v 
Theorem 2.5 For any topological graph eu G isa Banach space, and furthermore, 
V 
if V is a Hilbert space, Gis a Hilbert space also. 


Proof As shown in the previous, a” is a linear normed space or inner space if 
Y is an inner space. We show that it is also complete, i.e., any Cauchy sequence in 
Ga” is converges. In fact, let {a} be a Cauchy sequence in eng Thus for any 
number ¢ > 0, there always exists an integer N(¢) such that 
|er- er] <e 
ifn,m > N(e). By definition, 


E(u”) = Llu”) |< | 


a og 
eee ee 
i.e., {L,,(u’)} is also a Cauchy sequence for V(u,v) € X (c), which is converges on 
in V by definition. 
Let L(u”) = lim L,(u”) for V(u,v) € X (@). Then it is clear that 


v 


B 
oe By definition, 


— 
However, we are needed to show G 


ty 


(a) = 0 


veENa(u) 


for Vu € V (2) and integers n > 1. Let n — oo on its both sides. Then 


tin (tw) = talon 


veNa(u) ve Nag(u) 
= > -EW)S0. 
veEN@(u) 
V 
Thus, Ga EG 


i L 
Similarly, two conservation G-flows G" and G” are said to be orthogonal if 
L L 
(G ye res ‘) = 0. The following result characterizes those of orthogonal pairs of 
conservation G-flows. 


sl, =lLle2 


Theorem 2.6 let G ,G € a”. Then e° is orthogonal to rel if and only if 
(L1(u”), Lo(u’)) = 0 for V(u,v) € X (2). 


Proof Clearly, if (Ly(u”), L2(u’)) = 0 for V(u,v) € X (¢), then, 


(GG) = S>  (Li(u’), Law") = 0, 
(ujex(G@) 


i L 
i.e., Gas orthogonal to ar 


L L 
Conversely, if G’” is indeed orthogonal to G * then 


(G°.G™ y= SY > Gilu’), La(u")) =0 


by definition. We therefore know that (L,(u"), Lo(u’)) = 0 for V(u,v) © X (2) 
because of (L,(u”), Lo(u’)) > 0. 


Theorem 2.7 Let V be a Hilbert space with an orthogonal decomposition V = 
V @V°* for a closed subspace V C V. Then there is a decomposition 


te ~ ~ 


G =VeV., 
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where, 
tie (c) = v} 


viz {G" eG" | 1n:x (@) svi, 


es, [OR va" € CG. there 1s a uniquely decomposition 
GAG 46e 
with LyX (¢) + V and Ly: X (2) sve. 
Proof By definition, L(u”) € V for V(u,v) € X (c). Thus, there is a decom- 


position 
L(u") = Ly(u’) + Lou") 


with uniquely determined Lj(u”) € V but Lo(u’) € Vt. 
Let ic" and |e] be two labeled graphs on G with [yi : X1 (2) —V 
and Ly: X1 (¢) — V+. We need to show that |e" | , eal E (G, Y). In fact, 


the conservation laws show that 


S> Lu”) =0, te, So (Li(u®) + Lo(u”)) =0 


veNg(u) vENg(u) 


for Vu € V (@). Consequently, 


S- Dy(u’) + S- L2(u’) = 0. 


ve Na(u) ve Ng(u) 
Whence, 
0 = Ly(u") + S- L,(u"), 3 Ly(u") + x ra) 
ve Na@(u) ve Na@(u) ve Na(u) ve Nag(u) 
= Ly(u"), 5 nur) h+( S$ La(u"), So re 
ve Na@(u) ve Na(u) ve Na(u) ve Na@(u) 
: { nw), 3 raut)) + ( alu’), 3 ne) 
vENg(u) vENg(u) vENg(u) ve Ng(u) 
: het Ss nuh +( tatu’), YO ra) 
veENag(u) vENa@(u) veENa@(u) ve N@(u) 


+ SY) (Ei(u®), Lo(u’)) + S72 Lou”), Li(u")) 


veNa(u) ve Na(u) 
= ( S> Ln(u®), So nut) }+( S> Lp(u"), So La) 
vENg(u) vENg(u) vENg(u) vENg(u) 


Notice that 


So Liu’), So nu)) 20, S> Lalu’), So rut) 20 


ve Ng (u) ve Ng(u) ve Ng (u) ve Ng(u) 


We therefore get that 


So Liu’), So nur) ) = S> L2(u’), So rut) }=0 


vENG(u) vENG(u) ve Ng (u) ve Ng (u) 
1.€., 
S- [,(u”) =0 and S- D2(u’) = 0. 
veNa(u) veENa@(u) 
= 1; => Le =v r 
Thus, iG ‘ iG €G_. This completes the proof. 


2.3 Solvable G-Flow Spaces 


(eG hea Cdiow If fee wee V (2), all flows L(v%),u € N&(v) \ {ug} are 


determined by equations 
F, ( L(v"); L(w’), we Ng (v)) =0 


unless L(v"°), then G-flow is called solvable, and L(v“°) the co-flow at vertex v. 


Such a G--flow is linear if each L (v"*) ,ut € N&(v) \ {ug } is determined by 


if (v**) = S- Gy (u-") ; 


u-ENa (v) 


with scalars a,- € F for Vu € V (2) unless L (o"’), and is ordinary or partial 


differential if Z (v") is determined by ordinary differential equations 


or 


unless L (v? ) for vv eV (@), where, by (7 ae oS ). te (ghitsisn) 


denote an ordinary or partial differential operators, respectively. 
Notice that a linear equation a,+L (v**) +L (u~") = 0 is solvable for L (v**) 


if and only if a,+ 4 0, such as those shown in Fig.3 following. 


Fig.3 


We consequently know the following result on linear solvable G-flows. 


3 
Theorem 2.8 For a strong-connected graph fen there exist linear G-flows ral , not 
all flows being zero on G. 


Proof Notice that G is strong-connected. There must be a decomposition 


-(YejuGr) 


where Ce ae are respectively directed circuit or ian in G with m, > 1,m2 > 0. 
For an integer 1 < k < mj, let Ci. = ukuk... and L (ut = v;, where 


us, 
i +1 = (mods). Similarly, for integers 1 < j7 < mz, if Te = Jw). --w!, let 


w 
G) by definition, 


oT oN 


FP (wi, Ww; a= = 0. Clearly, the conservation law hold at Vu € V 
and each flow L Ca , 1+ 1 = (mods) is linear determined by 


E(w) = e@b*)roxy To elet)+y me") 


j#i vENG, (u ky j=l veNr, uk) 


‘OR. Ss O = vx. 


j=l veNz, (uk) 
j 


Thus, rela is a linear solvable G-flow and not all flows being zero on G. 
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f(x, t) 


Fig.4 


All G-flows constructed in Theorem 2.8 can be also replaced by vectors de- 


pendent on the time ft, i.e., v(t). According to the theory of ordinary differ- 


ential equations ([23]), the differential equation x = f(x,t) with x|,;, = Xo is 
always solvable in a neighborhood of x9, where, x = (=. aa : St) and 


f(x, t) = (ful, t), fal%t),-++, fn(,1))- Thus, if there is a vertex v € VG) with 
p(v) > 2 and pt(v) > 2,ie., v is in at least 2 directed circuits C, Cy let flows on 
CG and C be respectively x and f(x,t). Similar to the proof of Theorem 2.8, we 
know the conservation laws hold for vertices in G, and there are indeed flows on 
G determined by ordinary differential equations. We therefore know the following 


result. 


Theorem 2.9 Let G be a strong-connected graph. If there exists a vertex v € 
V (c) with p~(v) > 2 and pt(v) > 2 then there exist ordinary differential G -flows 


E 
G , not all flows being zero on (eu 
=. . . . . . . = . 
For example, the G-flow shown in Fig.4 is an ordinary differential G-flow in a 


vector space if x = f(x,t) is solvable with x|;<1, = Xo. 


Similarly, we know the result on partial differential G-flows. By the theory of 


partial differential equations of first order ([3]), let x = (#1, %2,---,@,). If 
tj = 0; (t, $1, $2, +++, 8n—1) 
U= u(t, $1, 52,°°", S41) 


Pi = Di(t, $1, S2,--*, Sn_1), t=1,2,---,n 
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is a solution of system 


dz, dx diy, du 
Fy, Fy. Fon Spe, 
4=1 
= 2 SUMS 2 Be hee = ODE a 5 
with initial values 
Lig = Lig(S1, S2,°°", Sn—1) 
uo = Uo(S1, 52,77", Bi—1) 
Dig = Pig S158 Snes t= Loy ren 
such that 
FY Li55 T29)° °°) Lnos Uy Pips P2095 ° °° » Png) = 0 
Oug Z OLig 
Ea Woy MS pS lps", 
Os; dP as, : 


then it is the solution of partial differential equation 


P35 FU, Dy Day? sy) = 0 


Ou OF 

with the same initial values, where p; = ae and F,, = ap, for integers 1 <i <n. 
Uj i 

For partial differential equations of second order, the Cauchy problems on heat 


or wave equations 
Ou ae Ou Pu a PU 
—-a@ oy —-- —-a —— 
Ot — dx?’ Ot? — Oa} 
with initial values 
Ou 


= p(x) 


t=0 


uli=o = 9 (x), Ot 
are solvable. For example, we know closed formulae ([3]) 


1 PO «ig, Pa ae 
u (x,t) = a et Otigs ona aye ayy 
(Ant) 2 


—Co 


for heat equations, and 


e) 1 l 
U (1, L2, £3, t) Ae Ana2t | vas Wdaeqee [ vas 


M M 
Sa t Sa t 
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for wave equations in n = 3, where S/ denotes the sphere centered at M (2x1, x2, v3) 


with radius at. Similar to Theorem 2.9, we get a result on partial G-flows following. 


Theorem 2.10 Let G be a strong-connected graph. If there exists a verter v € 
V (c) with p~(v) > 2 and pt(v) > 2 then there exist partial differential G -flows 


L 
G , not all flows being zero on Gc. 


§3. Operators on G-Flow Spaces 


3.1 Linear Continuous Operators 


Definition 3.1 Let T € @ be an operator on Banach space V over a field F. An 
v V 
operator T : G —=G’ is bounded ap 


(sete 


for ve" € a with a constant € € |0,00) and furthermore, is a contractor if 


ie } 


forvVG ,G é€ ral with & € [0,1). 


|e" -G a 


V v 
Theorem 3.2 LetT: G — G be a contractor. Then there is a uniquely 
L v 
conservation G-flow G’eG@ such that 


Te \=¢. 


Proof Let re € a be a G-flow. Define a sequence {ar} by 


CC’ =n(c“)- 
G7 STC \Sr (e"), 


In). : te : : 
We prove {G \ is a Cauchy sequence in rel . Notice that T is a contractor. 


For any integer m > 1, we know that 


lee" lee aie) 
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<efe-2] =I @™) (0) 
z LNG a 1 _ ao 2 si em |er-@ ao 


Applying the triangle inequality, for integers m > n we therefore get that 


|er-e a” 


<||¢ ae sSlm-1 


= 


forO0<€ <1. 


Consequently, 


jJe"-G 


Ln 
— 0ifm— ow, n > co. So the sequence {G \ 
is a Cauchy sequence and converges to G ’. Similar to the proof of Theorem 2.5, we 


FF v 
know it is a G-flow, i-e., GEG . Notice that 


|e aae | SIG er sea )| 


Let m — oo. For 0 < € < 1, we therefore get that |e" —T (c") | = 0, ie., 
T(G) =". 

For the uniqueness, if there is an another conservation G-flow q" € 
holding with T(@") = G", by 


former = Be rene) < eer 


it can be only happened in the case of em = Ge for0<€ <1. 


Sv SV 


Definition 3.3 An operatorT:G —G_ is linear if 
(x0 4 n@") = a0 (8") +a (2) 
sali Sle aa : . > slo . 
forVG ,G° €G anddA,p € F, and is continuous ata G-flow G — if there 
always exist a number O(e) for Ve > 0 such that 


[Pea Be 


er 


Jee |" 


< 6(e). 
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The following result reveals the relation between conceptions of linear continu- 


ous with that of linear bounded. 


v v 
Theorem 3.4 An operator T : G 5G’ is linear continuous if and only af it as 
bounded. 


Proof If T is bounded, then 
[t-te] = [Pe - =) 


for an constant € € [0,00) and VG ,G eG. Whence, if 


j<e(at-2%) 


<6(e) with ie)= 5 E£0, 


In ("2") 


i.e., T is linear continuous on G_ . However, this is obvious for € = 0. 


then there must be 


ee 


Ln 
Now if T is linear continuous but unbounded, there exists a sequence {G \ 


y 
in G such that 


[er |2(e" 
Let 
—=L* 1 sla 
“7 
1 * 
Then Ke "| =——> 0, ie., IT (@*) 
n 
Go 
= L* 

[z(e")I = ft sal 


Ie 


a contradiction. Thus, T must be bounded. 


d 


G 


| 


The following result is a generalization of the representation theorem of Fréchet 
v v 
and Riesz on linear continuous functionals, i.e., T : G> = Con G-flow space @ , 


where C is the complex field. 


17 


Theorem 3.5 Let 'T: rei 
v 
unique G@- €G such that 


— C be a linear continuous functional. Then there is a 


1(G')=(@..a") 
for ve" € a’. 
Proof Define a closed subset of Ge by 
N(T) = {a c a’ | T (") = 0} 
: ! « ay, =L 
for the linear continuous functional T. If “(T) = G , ie, T (G ) = 0 for 
ve" € rele choose em =O. We then easily obtain the identity 
r(d')-(@.0"). 
Whence, we assume that V(T) 4 a’. In this case, there is an orthogonal decom- 
position 
GQ’ =N(T 6 W*(T) 
with V(T) 4 {O} and .V+(T) ¥ {O}. 
Choose a G-flow @” € N+(T) with Ge” # O and define 
oS Bi = L >= Lo = Lo 25 
er ale ye arte") 
for VG" € a”. Calculation shows that 
= L* =L = Lo =Lo =L 
Deo) =e) ier ale) BG) s0 
i.e., Ge V(T). We therefore get that 
ip (G 5G") 


as) ile ge 


2 
Notice that (a : a) = | @” #0. We find that 


01 lene 


Let 


Jey 


=>=Lo 
T(G ? 
lca) We consequently get that T (c") = (a a") ‘ 


where A = 
|e" 


aN ees oe 


Now if there is another G~ € a” such that T (c") = (a ,G ) for 


S>L av 


VG €G , there must be : eu a") = 0) by definition. Particularly, let 


L 


G = Ge — feta . We know that 


which implies that Gs a = QO, ice., res 
3.2 Differential and Integral Operators 


Let Y be Hilbert space consisting of measurable functions f (21, 22,--+,2%p) on a set 


Rada (ti tee eh |Get bee a 


i.e., the functional space L*/A], with inner product 
(F(x), 9(0)) = f Fojalx)ax for fl), 96x) € L410 


v 
and G its G-extension on a topological graph G. The differential operator and 


integral operators 


DG = 
and 
ica =~ [ Key aay = Gia koreory 
/ Ge | Keve Ml ay = Gla REE NWvldy 
A A 


Oa; - 
for V(u,v) € X (¢), where aj, oa € C°(A) for integers 1 <i, j <n and K(x,y) : 
j 


AxA>CeEL?(AxA,C) with 


K(x, y)dxdy < oo. 
AxA 


SS 


Such integral operators are usually called adjoint for / = | by K (x,y 
A A 


Ii =>Le 


K (x,y). Clearly, for GG @” and A, Jb € F 


( yaw sie) =% ee) _ GPa (u")+uta(u")) 


_ GPO YHDULalw’)) _ TDOLw") | DuLalw’)) 


_p (Gone? * qe = \D Ca) 4D (ua) 


for V(u,v) € X al i.e., 


Similarly, we know also that 
[OG end) aa far su fee 
fs Ja 2 
i: Cea + uG*) = | Gr +uf @ 
A A A 


Sv 


Thus, operators D, | and if are al linear on G . 
A A 


For example, let f(t) =t, g(t) =e’, K(t,r) =t? +7? for A = [0,1] and let a” 
be the G-flow shown on the left in Fig.6. Then, we know that Df = 1, Dg =e, 


1 1 1 2 4 
i: Kia fir jdr= / Kitafndr= | (t? + 7) TdT = > + ae a(t), 
0 0 
1 1 
| K(t,7)g inidr= [RT K(t,7)g (ar = f (? +77) eTdr 
0 0 
= (e-1)#?+e-2=0d(t) 
: =L =>L ap =L : : . 
and the actions DG , | G and / Gare shown on the right in Fig.5. 
[0,1] [0,1] 
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t 


eo LS, 
an vas 


D<} 

vt b(t) 
Pe @ ; Sfoay Fox a(t) ua a(t) 
ass 


oo 


a ene 
b(t) 
Fig.5 


V 
Furthermore, we know that both of them are injections on GC. 


v v y y 
Theorem 3.6 D: G =-G and | GG. 
A 
y y 
Proof For va" ee. , we are needed to show that DG” and ‘i re raae! ; 
A 
i.e., the conservation laws 


S- DL(u’) =0 and S- [ tae) =0 
veNg(u) veNg(u) 7 


) av 


hold with Vu € V (@). However, because of er €G_ , there must be 


S- L(u”) =0 for wev(@), 


ve Ng (u) 


we immediately know that 


ov Liu’) )} = S> DLW) 


(u) ve N@(u) 
and 
o- | Lw’))= >° [uw 
A \veNG(u) veNo(u) 4 


Pal 


. G-Flow Solutions of Equations 


As we mentioned, all G-solutions of non-solvable systems on algebraic, ordinary or 
partial differential equations determined in [13]-[19] are in fact G-flows. We show 


there are also G-flow solutions for solvable equations in this section. 


4.1 Linear Equations 


Let V be a field (.F;+,-). We can further define 


G Bs @? 7 Gere 
with Ly - Le(u”) = Li(u’) - Lo(u’) for V(u,v) € X (c). Then it can be verified 
easily that Ge is also a field (c: —, 0) with a subfield F isomorphic to F¥ if the 


conservation laws is not emphasized, where 
empavem |Z (u”) is constant in F for V(u,v) € X (¢) : 


> > 

F E(G F nl\E(G 

Clearly, Gs Z| ( dh Thus iG" | =p | ( ) if |F| = p", where pisa 
prime number. For this “-extension on CG. the linear equation 


=>L 


aX =G 


L F 
inG if 0 #ac€-F. Particularly, if one views 


an element b€ ¥ asb=G if L(u’) = 6 for (u,v) € X (¢) and 0 4a € F, then 


an algebraic equation 


sat 
is uniquely solvable for X = G 


ax = 0b 


; ; Bat Nas PD : sab : 
in FY also is an equation in G_ with a solution 7 = G such as those shown in 


Fig.6 for (a= en a = 3, b= 5 following. 


OP OU 


wor 
! 


Let [L.3] 


the matrix [L,; (u’)],,,,- Then, a general result on G-flow solutions of linear systems 


mxn De & matrix with entries Lj;: u” — V. Denoted by [Lij],,.., (u’) 


is known following. 


Theorem 4.1 A linear system (LES) of equations 


(LES™ ) 


=>Lm 


Omi X1 + Om2X2 eee Crm Xn =G 


ia v 

with ayy € C and G E G for integers 1 <i<n and1<j<™m is solvable for 
V 

Meee QLlersm ye and onlyaf 


rank [a;;],,,., = rank Lidl clans (u”) 


for V(u,v) € G, where 


Qi. 12 **' Qin Ly 
ef — | G21 G22 *** Gan Ly 

[aij ]mx(n41) 
AGm1 Am2 *** Amn Lim, 


Proof Let X; = @™ with L,,(u’) € V on (u,v) € X (¢) for integers 


1<i<n. For V(u,v) € X (¢), the system (LE‘S”) appears as a common linear 
system 


By linear algebra, such a system is solvable if and only if ({4]) 
rank |a,;|,,,.) = rank ae eay (u’) 
for V(u,v) € en 
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Labeling the semi-arc wu” respectively by solutions Lz, (u”), Lz, (u”), +++, Lx, (u”) 
for V(u,v) € X (2), we get labeled graphs Gq, co vey aan We prove that 
GG" 30 EC. 

Let rank [aj;],,,, = 7- Similar to that of linear algebra, we are easily know that 

,. s Pe elie er ne, eee teem 
j2 — 3 em COPA gaty Te Cony 


lI 
mn 


= > Cri G + Cag AX oy +.--- Cree, 
1 


La, Lg. V 
where {J1,°°+, jn} = {1,---,n}. Whence, if el PE she SO meG , then 
T inw = YS Mate 
ve NG (u) veNg(u) t=1 
ae S- Cartile, . (u u’) a ye ConL Lie: 
vENg(u) ve Ng(u) 
= doce | dy Ee’) 
i=1 veENG(u) 
+02 p41 S- Lay, (u”) + ~+ Con S- ‘orm (uw) =0 
veNg(u) veNa(u) 


Whence, the system (LES") is solvable in eG. 


The following result is an immediate conclusion of Theorem 4.1. 


Corollary 4.2 A linear system of equations 


Q4121 + A1y2%o +++ + AinEn = by 


A911 + Ag2X2 + +++ + Aan%n = do 


Ami £1 + Am2%2 + +++ + Gmntn = De 


with ajj,b; € F for integers 1 <i<n,1<j<m holding with 
+ 
rank [aij], 4.) = rank [ij] max (m4) 


has G-flow solutions on infinitely many topological graphs G@: 
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Let the operator D and A C R” be the same as in Subsection 3.2. We consider 


y 
differential equations in es following. 
v 
Theorem 4.3 For WGleG , the Cauchy problem on differential equation 


DGG 


x E 
is uniquely solvable prescribed with rel beneath a 


Proof For V(u,v) € X (¢), denoted by F'(u”) the flow on the semi-arc u”. 
Then the differential equation DG* = G” transforms into a linear partial differential 


equation 


on the semi-arc u”. By assumption, a; € C°(A) and L(u’) € L?[A], which 
implies that there is a uniquely solution F'\(u”) with initial value Lo (u’) by the 
characteristic theory of partial differential equation of first order. In fact, let 
0; (@1,%2,°++,%n, Ff), 1 <i <n be the n independent first integrals of its char- 
acteristic equations. Then 


F (u’) = F’(u’) — Lo (ages em ae 3) e L*{Al, 


n 


where, 24,7%5,---,2/,_, and F” are determined by system of equations 
‘ _& 
o1 (Ba; T2,°°*,Un-1, Up, F) = on 
‘ Ws 
o>) (X1, L2,° °°, Xn-1, ky, F) —_ dy 


Clearly, 


Dl So F@) l= SDE) = So La) =O. 


veENg(u) veNg(u) veNg(u) 


Notice that 


So F(u’) = 5 Lays 0. 


Ni Ni 
vENa(u) gage, “HENeUD 
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We therefore know that 
F(u’) =0. 
veENa@(u) 


x F v 
Thus, we get a uniquely solution G° =G@ €G’ for the equation 


DG* =G" 
=>Lo 


x 
prescribed with initial data rel lena G 


We know that the Cauchy problem on heat equation 


is solvable in R” x R if u(x, to) = v(x) is continuous and bounded in 


R”, c a non-zero 


L v 
constant in R. For G € Gin Subsection 3.2, if we define 


L =>L 
aG a OG 3 
a= G™ and B= G™, l<i<n, 
Xj 


v 
then we can also consider the Cauchy problem in G , Le., 


with initial values X|,-:,, and know the result following. 


I V 
Theorem 4.4 ForVG € Gand anon-zero constant c in R, the Cauchy problems 


on differential equations 


: v v 
with initial value X|,=1) = G’ ©@” is sowable in @ if L' (u”) is 


bounded in R” for V(u,v) € X (2). 


continuous and 


Proof For (u,v) € X (2), the Cauchy problem on the semi-arc u” appears as 
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with initial value ulto = L’ (u”) (x) if X = e. According to the theory of partial 


differential equations, we know that 
(wy —y1)2 +--+ (@n—yn)? E 
EE 1 (®) (as Yay «da 


1 te 
ye Ci ee = 
(W") 1) =e 
Labeling the semi-arc u” by F' (u”) (x,t) for V(u,v) € X (c), we get a labeled 


F y 

graph ea on G. We prove CSG, 
; y 

By assumption, Cc uel , Le., for Vu € V (c), 


Lu") (x) = 0. 


ve Ng(u) 
we know that 
S) F(u’) (x,t) 
vENg(u) 
1 TOO, Ge iP Line y 
= Do (Ant)? i a L' (u) (ys- +5 Yn)dyr + dyn 
ve Na(u) aoe. 
1 TOO” ayaa een wa? x 
=a / € “ae y DL! (u?) (yis+++5 Yn) | dy dyn 
Ee veENg(u) 
1 Eee (wy yy)? ++ (en—yn)? 
=aor/ e ae (0) dy, ---dy, = 0 
V 
for Vu € V (2). Therefore, a eG and 
OX sw PX 
Ot 4 Os} 


L a V 
with initial value X|<1, = G €@  issolvableinG . 
Similarly, we can also get a result on Cauchy problem on 3-dimensional wave 


R, the Cauchy problems 


y 

equation in fel following. 
>L' atv : 
Theorem 4.5 ForVG €G _= andanon-zero constant c in 


OX of OX ie OX PX 
- Oe, O83 °” 0x8 


Ot? 


on differential equations 
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L’ v v 
with initial value X|,=1) = G’ €@ issolvable in G if L’ (u”) is continuous and 


bounded in R” for V(u,v) € X (Z). 


For an integral kernel K(x, y), the two subspaces .%,.4* C L?[{A] are deter- 
mined by 


NW {o9) € ZI] a KOs) oy)ay = 060) }, 


N* = { 960) e L*[A All f Kove y)dy = (x )t. 
Then we know the result following. 
Theorem 4.6 For VG" € a’. if dim. VY = 0, then the integral equation 
Cx | a* =a 
A 


is solvable in a” with V = L?{A] if and only if 
(a".G") =0, VG" ey". 
Proof For V(u,v) € X (¢) 
-| G*=Gt and (@',G")=0, Veer 

A 

on the semi-arc u” respectively appear as 
=f, i (x,y) F (y) dy = L(u") [x] 

if X (u”) = F (x) and 

i; E(u) XL’ (u’) [x]dx = 0 for VG" ev. 

A 


Applying Hilbert and Schmidt’s theorem ({20]) on integral equation, we know 


the integral equation 
if K (x,y) F (y) dy = L(u*) [x] 
is solvable in L?[{A] if and only if 
[ EeT eR (wy pxlax = 0 
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for VG € W*. Thus, there are functions F(x) € L*[A] hold for the integral 
equation 


x)- [ Key Fl y) dy = L(u”) [x] 


for V(u,v) € whe in this case. 
For Vu € V G)), it is clear that 


Y (Fwy-f Kew) e))= T 1e ye =0 


ve Ng(u) 


SON 


which implies that, 


[ Key) (= row) = SD Flu) ps. 
veENa@(u) 


ve Na@(u) 


Thus, 
S- F (u’) [x] € %. 


ve Na(u) 


However, if dim.V = 0, there must be 


S> F(u’) [x] =0 


ve N@g(u) 


for Vu € V (G), i i.€., ea x G@ . Whence, if dim. VY = 0, the integral equation 


- [ a*- 
A 


is solvable in G@ with V = L?[A] if and only if 


ces, ce) = VE" eo: 


This completes the proof. 


Theorem 4.7 Let the integral kernel K(x,y): Ax A> Ce L?(A x A) be given 
with 


|K(x,y)|*dxdy >0, dim 4”=0 and K(x,y) = K(x,y) 
AxA 
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for almost all (x,y) € Ax A. Then there is a finite or countably infinite system 


G-flows {a"} Cc L?(A,C) with associate real numbers {A;},_1 5... C R such 
1=1,2,--- 34: 


that the integral equations 


| K(x,y)G ay = 
A 
hold with integers i = 1,2,---, and furthermore, 


Proof Notice that the integral equations 


| K(x,y)G ay = xG 
A 


is appeared as 
[ Kesy)Es(w) byldy = ts (w”) 


on (u,v) € X (2). By the spectral theorem of Hilbert and Schmidt ([20]), there 
is indeed a finite or countably system of functions {L; (u”) [x] }iz19.... hold with this 
integral equation, and furthermore, 


al = Del 0 th. “Tin hy = 0: 


1— CO 


Similar to the proof of Theorem 4.5, if dim.W = 0, we know that 


S° L;(u’) [x] =0 


vEN@(u) 


L; V : 
for Vu Ee V (2), i.€., G26 for integers 7 = 1,2,---. 


4.2 Non-linear Equations 


If G is chosen with a special structure, we can get a general result on G-solutions 


of equations, including non-linear equations following. 


Theorem 4.8 If the topological graph G can be decomposed into circuits 


such that L(u”) = L; (x) for V(u,v) € X (Zi), 1<i<l and the Cauchy problem 


F; (es tat dl renee) = 0 
Ulxo = L;(x) 


is solvable in a Hilbert space V on domain A C R” for integers 1 <i <1, then the 
Cauchy problem 
F; (x, X,Xn,,°°+, Xan, Xei29,°°*) = 0 
ie. 


Sav 


such that L (u”) = L;(x) for V(u,v) € X (Z.) is solvable for X € G 
Proof Let X = Go with Lux) (u”) = u(x) for (u,v) € X (@). Notice that 
the Cauchy problem 


F; (GX as Fe See Oe : ) = 0 
xX =! 


then appears as 
F; (Ui 60, Wan) Urixes** :) == 
Ul xo — Li(x) 


on the semi-are u” for (u,v) € X (¢), which is solvable by assumption. Whence, 


there exists solution u (wu) (x) holding with 


F; (OC Ue, this 60) Urns Uryxes** ‘) = 
Use oe Li (x) 


Let G’™ bea labeling on G with u(u’) (x) on u” for V(u,v) € X (2). We 


Ly x V . 
show that G sa G . Notice that 


and all flows on C; is the same, ie., the solution u (u’) (x). Clearly, it is holden 


with conservation on each vertex in (on for integers 1 <7 <1. We therefore know 
that 
Ss" Lz, (u’) =0, uwEeVv (2) ' 


dl 


Ly x V . 
Thus, GO 226 this completes the proof. 


There are many interesting conclusions on G-flow solutions of equations by 
Theorem 4.8. For example, if ¥; is nothing else but polynomials of degree n in one 
variable x, we get a conclusion following, which generalizes the fundamental theorem 


in algebra. 


Corollary 4.9(Generalized Fundamental Theorem in Algebra) Jf G can be decom- 
posed into circuits 
G-z. 
i=1 
and L;(u’) = a; € C for V(u,v) € X C; and integers 1 <i < l, then the 
polynomial 


sSln+i 


RX GORE ES oR hes DESK LE 


always has roots, i.e., Xo € C such that F'(Xo) = O if GC" #O andn> 1. 


Particularly, an algebraic equation 
ayx” + aon” +++ ant + Gn41 = 0 
; . ; => ; ~ 3c : 
with ay # 0 has infinite many G-flow solutions in Gon those topological graphs 
l 
i=1 
Notice that Theorem 4.8 enables one to get G-flow solutions both on those 


linear and non-linear equations in physics. For example, we know the spherical 


solution 
1 


Jes te 
r 


dr? — r?(d@* + sin? 0d¢”) 


ds? = f(t) (1 = 2) dt? — 
r 
for the Einstein’s gravitational equations ({9]) 
1 
RiY — Ral” = —8nGTH 


with Ae’ = Rew = gov RS gh G = 6.673 10-%en*) gs" k= 8aG/or= 


2.08 x 10-*8em—!-g~1-s?. By Theorem 4.8, we get their G-flow solutions following. 


Corollary 4.10 The Einstein’s gravitational equations 


1 
Rw sho = —87GT"”, 
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o 
has infinite many G-flow solutions in G , particularly on those topological graphs 
l 


G= U G with spherical solutions of the equations on their arcs. 
i=1 


For example, let C= Ce We are easily find C y-flow solution of Einstein’s 


gravitational equations,such as those shown in Fig.7. 


UL Si 2p) 
S4 So 
U4 53 U3 
Fig.7 


where, each S; is a spherical solution 


1 
ds® = f(t) (1— =) dé — dr? — r°(a6? + sin? dg”) 


of Einstein’s gravitational equations for integers 1 <i < 4. 
As a by-product, Theorems 4.5-4.6 can be also generalized on those topological 


graphs with circuit-decomposition following. 
Corollary 4.11 Let the integral kernel K(x,y): Ax A> Ce L?(Ax A) be given 
with 
| iweayPaxty > 0, KRY = Key) 
AxA 


for almost all (x,y) € Ax A, and 


such that L(u’) = Ly (x) for V(u,v) € X (c.) and integers 1<i<l. Then, the 
integral equation 
C= | G* =G! 
A 
is solvable in a” with V = L?{A] if and only if 
(a = L' 


aa") =0, VG" EWN. 
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Corollary 4.12 Let the integral kernel K(x,y): Ax A> Ce L?(Ax A) be given 
with 
| \kuy)Paxay > 0, Key) = Key) 
AxA 


for almost all (x,y) € Ax A, and 
; l 
> > 
GANG. 
i=1 
such that L(u”) = Ly (x) for V(u,v) € X (2) and integers 1 <i<l. Then, 
there is a finite or countably infinite system G-flows {a"} Cc L?(A,C) with 
i=1,2,-- 
associate real numbers tas eae CR such that the integral equations 
| K(x,y)@ ay a uae 

A 


hold with integers i = 1,2,---, and furthermore, 


|Ai] > [Ag] >--->0 and lim \;=0. 
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§5. Applications to System Control 


5.1 Stability of G-Flow Solutions 
Ly x Ly x = =: 
Let X = G™ and Xo = G@ 82 te respectively solutions of 


PN Nias Pee, Noe Mei gery) 0 


= 1, 


on the initial values X |x, = @’ or Klee ait @” with ¥ = L?{A], the Hilbert 
space. The G-flow solution X is said to be stable if there exists a number d(e) for 
any number ¢ > 0 such that 


Flpux) 


|X1 — X2|| = |e —G <e€ 


if 


By definition, 


Flux Flux) 
G -—G 


= 2 fun (u”) (x) = u (u®) (x)II. 
(ujex(G) 


Clearly, if these G-flow solutions X are stable, then 


Jen (uw) (&K) — uu”) KIS SO fur (wu) %) — u(u”) (KI < 
(ujex(G) 


[Zi(u")-—Lu)< SS [Lr (wu) — Lu") < 6€€), 
(ujex(G) 


i.e., u(u”) (x) is stable on u” for (u,v) € X (Z). 
Conversely, if wu (u”) (x) is stable on u” for (u,v) € X (c), i.e., for any number 
e/e (¢) > 0 there always is a number 6(e) (u”) such that 


Ile (u") (x) — u (u") OXI] < Say 


where ¢€ (2) is the number of arcs of G and 


5(e) = min {d(e) (u’) |(u,v) © X (¢) \ 


Whence, we get the result following. 
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Theorem 5.1 Let V be the Hilbert space L?[A]. The G-flow solution X of equation 


F (x, ae, Ce i re, Cae Ce =) = 0 
eae 


in a” is stable if and only if the solution u(x) (u”) of equation 


=L 


F (36 U, Ug, °°) Uan, Urixes** ‘) = 0 
tiie = 3G 


is stable on the semi-arc u” for V(u,v) © X (c). 


This conclusion enables one to find stable G-flow solutions of equations. For ex- 
ample, we know that the stability of trivial solution y = O of an ordinary differential 
equation dy 7 

dx 
with constant coefficients, is dependent on the number y = max{ReA: A € o[A]} 
([23]), ie., it is stable if and only if y < 0, or y = 0 but m’(A) = m(A) for all 


eigenvalues A with ReA = 0, where o[A] is the set of eigenvalue of the matrix [A], 


[Aly 


m(A) the multiplicity and m’(X) the dimension of corresponding eigenspace of A. 


Corollary 5.2 Let [A] be a matrix with all eigenvalues X < 0, or y = 0 but 
m'(X) = m(A) for all eigenvalues X with ReA = 0. Then the solution X = O of 


differential equation 
dX 
= [A|X 


im HI 
is stable in GC. where G is such a topological graph that there are G-flows hold 


with the equation. 


For example, the G-flow shown in Fig.8 following 
UL b(x U2 


is a G-flow solution of the differential equation 


cx a 5 +6X =0 
with f(z) = Cye7* + Cie-** and g(x) = Cye-** + Che-**, where C), C} and C2, C}, 
are constants. 
Similarly, applying the stability of solutions of wave equations, heat equations 


and elliptic equations, the conclusion following is known by Theorem 5.1. 


Corollary 5.3 Let V be the Hilbert space L?{A]. Then, the G-flow solutions X of 


equations following 


Or xX a. (= =) =L 


ot dx? | Oxe) 

oa - Greene), oa 12 Greene.) Slivie Zz Galea 22) 
dt |, 

PX 20X _ at PX OK Oe 

ae ° Oxy and Ox? * Ax2 * O22 

le = Ghoti ea) Xiba = Gi hater22.23) 


V 
are stable in G , where G is such a topological graph that there are G -flows hold 


with these equations. 


5.2 Industrial System Control 


An industrial system with raw materials M,, M2,---, Mn, products (including by- 
products) P,, P2,-++, Pm but w1, we,-++,ws wastes after a produce process, such as 
those shown in Fig.9 following, 


XY Y1 


i.e., an input-output system, where, 


(Y1, Y2,°**s Ym) =F (a5 095 5 Eq) 


determined by differential equations, called the production function and constrained 


with the conservation law of matter, i.e., 


So yi + So wi = Ste 
i=1 i=1 i=1 


Notice that such an industrial system is an opened system in general, which 
can be transferred into a closed one by letting the nature as an additional cell, i.e., 
all materials comes from and all wastes resolves by the nature, a classical one on 
human beings with the nature. However, the resolvability of nature is very limited. 
Such a classical system finally resulted in the environmental pollution accompanied 
with the developed production of human beings. 

Different from those of classical industrial systems, an ecologically industrial 
system is a recycling system ([24]), i.e., all outputs of one of its subsystem, including 
products, by-products provide the inputs of other subsystems and all wastes are 
disposed harmless to the nature. Clearly, such a system is nothing else but a G-flow 
because it is holding with conservation laws on each vertex in a topological graph (ee 
where G is determined by the technological process for products, wastes disposal 
and recycle, and can be characterized by differential equations in Banach space Ga. 
Whence, we can determine such a system by @* with Dy: u” > u(u’) (t,x) for 


(u,v) EX (c), or ordinary differential equations 


—Lo dk Xx S11 dk-1X Tee 
G —+G Be a Gh ee eG 
ae ot k-1 
Relea = Goro), ax = Gane, ee, ae = Gree) 
dt |,_4, dt ai 
for an integer k > 1, or a partial differential equation 
Got ee 6 Oe eo aS 
ot ; Oxy OL 
paper = ral u(x) 


i. 
and characterize its stability by Theorem 5.1, where, the coefficients ie ,1>0 are 


determined by the technological process of production. 
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